A completely simple semigroup S is a semigroup without zero which has no proper ideals and contains a primitive idempotent. It is known that S is a regular semigroup and any completely simple semigroup is isomorphic to the Rees matrix semigroup M [G; I, Λ; P ] (cf. [8] ). In the study of structure theory of regular semigroups, K.S.S. Nambooripad introduced the concept of normal categories to construct the semigroup from its principal left(right) ideals using cross-connections. A normal category C is a small category with subobjects wherein each object of the category has an associated idempotent normal cone and each morphism admits a normal factorization. A cross-connection between two normal categories C and D is a local isomorphism Γ : D → N * C where N * C is the normal dual of the category C. In this paper, we identify the normal categories associated with a completely simple semigroup S = M [G; I, Λ; P ] and show that the semigroup of normal cones T L(S) is isomorphic to a semi-direct product G Λ ⋉ Λ. We characterize the cross-connections in this case and show that each sandwich matrix P correspond to a cross-connection. Further we use each of these cross-connections to give a representation of the completely simple semigroup as a cross-connection semigroup.
Introduction
In the study of the structure theory of regular semigroups, T.E. Hall (cf. [3] ) used the ideal structure of the regular semigroup to analyse its structure. P.A. Grillet (cf. [2] ) refined Hall's theory to abstractly characterize the ideals as regular partially ordered sets and constructing the fundamental image of the regular semigroup as a cross-connection semigroup. K.S.S. Nambooripad (cf. [7] ) generalized the idea to any arbitrary regular semigroups by characterizing the ideals as normal categories. A normal category C is a small category with subobjects wherein each object of the category has an associated idempotent normal cone and each morphism admits a normal factorization. All the normal cones in a normal category form a regular semigroup T C known as the semigroup of normal cones. The principal left(right) ideals of a regular semigroup S with partial right(left) translations as morphisms form a normal category L(S). A crossconnection between two normal categories C and D is a local isomorphism Γ : D → N * C where N * C is the normal dual of the category C. A cross-conection Γ determines a cross-connection semigroupSΓ and conversely every regular semigroup is isomorphic to a cross-connection semigroup for a suitable cross-connection. A completely simple semigroup is a regular semigroup without zero which has no proper ideals and contains a primitive idempotent. It is known that any completely simple semigroup is isomorphic to the Rees matrix semigroup M [G; I, Λ; P ] where G is a group I and Λ are sets and P = (p λi ) is a Λ × I matrix with entries in G(cf. [8] ). Then M [G; I, Λ; P ] = G × I × Λ and the binary operation is given by (a, i, λ)(b, j, µ) = (ap λj b, i, µ).
In this paper, we characterize the normal categories involved in the construction of a completely simple semigroup as a cross-connection semigroup. We show that the category of principal left ideals of S -L(S) has Λ as its set of objects and G as the set of morphisms between any two objects. We observe that it forms a normal category and we characterize the semigroup of normal cones arising from this normal category. We show that this semigroup is equal to the semi-direct product of G Λ ⋉Λ. We characterize the principal cones in this category and show that the principal cones form a regular sub-semigroup of G Λ ⋉Λ. We also show for γ 1 = (γ 1 , λ k ), γ 2 = (γ 2 , λ l ) ∈ T L(S), γ 1 L γ 2 if and only if λ k = λ l and γ 1 Rγ 2 if and only ifγ 1 G =γ 2 G. Further we characterize the cross-conncetions in this case and show that different cross-connections correspond to different sandwich matrices P . We also use these cross-connections to give a representation of the completely simple semigroup S as a cross-connection semigroup SΓ wherein each element of the semigroup is represented as a normal cone pair (γ, δ) and multiplication of elements is a semi-direct product multiplication.
Preliminaries
In the sequel, we assume familiarity with the definitions and elementary concepts of category theory (cf. [5] ). The definitions and results on cross-connections are as in [7] . For a category C, we denote by vC the set of objects of C.
Definition 1.
A preorder P is a category such that for any p, p ′ ∈ vP, the hom-set P(p, p ′ ) contains atmost one morphism.
In this case the relation ⊆ on the class vP of objects of P defined by p ⊆ p ′ ⇐⇒ P(p, p ′ ) = ∅ is a quasi-order. P is said to be a strict preorder if ⊆ is a partial order. Definition 2. Let C be a category and P be a subcategory of C. Then (C, P) is called a category with subobjects if P is a strict preorder with vP = vC such that every f ∈ P is a monomorphism in C and if f, g ∈ P and if f = hg for some h ∈ C, then h ∈ P. In a category with subobjects, if f : c → d is a morphism in P, then f is said to be an inclusion. And we denote this inclusion by j(c, d). 
Definition 4.
A normal factorization of a morphism f ∈ C(c, d) is a factorization of the form f = euj where e : c → c ′ is a retraction, u : Given the cone γ we denote by c γ the the vertex of γ and for each c ∈ vC, the morphism γ(c) : c → c γ is called the component of γ at c. We define M γ = {c ∈ C : γ(c) is an isomorphism}.
Definition 6.
A normal category is a pair (C, P) satisfying the following :
1. (C, P) is a category with subobjects.
2. Any morphism in C has a normal factorization.
3. For each c ∈ vC there is a normal cone σ with vertex c and σ(c) = 1 c . Theorem 1. (cf. [7] ) Let (C, P) be a normal category and let T C be the set of all normal cones in C. Then T C is a regular semigroup with product defined as follows :
where (σ(c γ )) • is the epimorphic part of the σ(c γ ). Then it can be seen that γ * σ is a normal cone. T C is called the semigroup of normal cones in C.
For each γ ∈ T C, define H(γ; −) on the objects and morphisms of C as follows. For each c ∈ vC and for each g ∈ C(c, d), define
If C is a normal category, then the normal dual of C , denoted by N * C , is the full subcategory of C * with vertex set
where C * is the category of all functors from C to Set(cf. [5] ).
Theorem 2. (cf. [7] ) Let C be a normal category. Then N * C is a normal category and is isomorphic to R(T C) as normal categories. For γ, γ ′ ∈ T C , H(γ; −) = H(γ ′ ; −) if and only if there is a unique isomorphism h : c γ ′ → c γ , such that γ = γ ′ * h. And γRγ ′ ⇐⇒ H(γ; −) = H(γ ′ ; −). To every morphism σ : H(ǫ; −) → H(ǫ ′ ; −) in N * C, there is a uniqueσ : c ǫ ′ → c ǫ in C such that the component of the natural transformation σ at c ∈ vC is the map given by :
and hence we will denote M γ by M H(γ; −).
Definition 8. Let C be a small category with subobjects. Then an ideal c of C is the full subcategory of C whose objects are subobjects of c in C. It is called the principal ideal generated by c.
Definition 9. Let C and D be normal categories. Then a functor F : C → D is said to be a local isomorphism if F is inclusion preserving , fully faithful and for each c ∈ vC, F | c is an isomorphism of the ideal c onto F (c) .
Definition 10. Let C and D be normal categories. A cross-connection is a triplet (D, C; Γ) where Γ : D → N * C is a local isomorphism such that for every c ∈ vC, there is some d ∈ vD such that c ∈ M Γ(d).
Remark 3. Given a cross-conection Γ from D to C, there is a dual cross-connection ∆ from C to D denoted by (C,D;∆).
Remark 4. Given a cross-connection Γ : D → N * C, we get a unique bifunctor Γ(−, −) :
Theorem 5. (cf. [7] ) Let (D, C; Γ) be a cross-conection and let (C, D; ∆) be the dual crossconnection. Then there is a natural isomorphism χ Γ between Γ(−, −) and ∆(−, −) such that
Definition 11. Given a cross-connection Γ of D with C. Define
Definition 12. For a cross-connection Γ :
Theorem 7. (cf. [7] ) Let Γ : D → N * C be a cross-connection and let
ThenSΓ is a regular semigroup with the binary operation defined by
ThenSΓ is a sub-direct product of U Γ and U ∆ op and is called the cross-connection semigroup determined by Γ.
Let S be a regular semigroup. The category of principal left ideals of S is described as follows. Since every principal left ideal in S has at least one idempotent generator, we may write objects (vertexes) in L(S) as Se for e ∈ E(S). Morphisms ρ : Se → Sf are right translations ρ = ρ(e, s, f ) where s ∈ eSf and ρ maps x → xs. Thus vL(S) = {Se : e ∈ E(S)} and L(S) = {ρ(e, s, f ) : e, f ∈ E(S), s ∈ eSf }.
Proposition 8. (cf. [7] ) Let S be a regular semigroup. Then L(S) is a normal category.
is a normal factorization of ρ.
Proposition 9. (cf. [7] ) Let S be a regular semigroup, a ∈ S and f ∈ E(L a ). Then for each e ∈ E(S), let ρ a (Se) = ρ(e, ea, f ). Then ρ a is a normal cone in L(S) with vertex Sa called the principal cone generated by a. M ρ a = {Se : e ∈ E(R a )}. ρ a is an idempotent in T L(S) iff a ∈ E(S). The mapping a → ρ a is a homomorphism from S to T L(S). Further if S is a monoid, then S is isomorphic to T L(S).
Remark 10. If S op denote the opposite semigroup of S with multiplication given by a • b = b.a where the right hand side is the product in S, then it is easy to see that L(S op ) = R(S) and R(S op ) = L(S). Using these it is possible to translate any statement about the category R(S) of right ideals of a semigroup S as a statement regarding the category L(S op ) of left ideals of the opposite semigroup S op and vice versa. Thus given a regular semigroup S, we have the following normal category of principal right ideals R(S) and the dual statements of the Proposition 8 holds true for R(S).
vR(S) = {R(e) = eS : e ∈ E(S)} and R(S) = {κ(e, s, f ) : e, f ∈ E(S), s ∈ f Se}.
3 Normal categories in a completely simple semigroup.
Given a completely simple semigroup S, it is known that S is isomorphic to a Rees matrix semigroup S = M [G; I, Λ; P ] where G is a group I and Λ are sets and P = (p λi ) is a Λ × I matrix with entries in G(cf. [8] ). Note that S = G × I × Λ and the binary operation is given by
It is easy to see that (g 1 , i 1 , λ 1 )L (g 2 , i 2 , λ 2 ) if and only if λ 1 = λ 2 (cf. [4] ). Also (a, i, λ) is an idempotent if and only if a = (p λi ) −1 . Observe that in this case, every principal left ideal Se where e = (a, j, λ) is an idempotent can be described as Se = {(g, i, λ) : g ∈ G, i ∈ I}. So Se depends only on λ and we may write Se = G × I × {λ}. Thus
Henceforth we will denote the left ideal Se = G × I × λ byλ and the set vL(S) will be denoted byΛ. Recall that any morphism from Se =λ 1 to Sf =λ 2 will be of the form ρ(e, u, f ) where u ∈ eSf (see equation 6). Now for e = (a, j, λ 1 ) and f = (b, k, λ 2 ), it is easy to see that
Observe that morphism involves only the right translation of the group element h to hp λ 1 j k. And hence the morphism is essentially h → hg such that g ∈ G for some arbitrary g ∈ G (taking p λ 1 j k = g). And so any morphism fromλ 1 tō λ 2 is determined by an element g ∈ G. We may denote this morphism by ρ(g) so that
Hence the set of morphisms fromλ 1 toλ 2 can be represented by the set G.
Proof. By the discussion above any morphism ρ(g) :
. And so ρ(g ′′ ) :λ 2 →λ 1 is the left inverse of ρ(g). Hence every morphism is an isomorphism in L(S).
, all inclusions are identities and the epimorphic component of every morphism will be the morphism itself.
Now we characterize the normal cones in L(S).
Recall that a cone in C with vertex d ∈ vC is a map γ : vC → C such that γ(c) ∈ C(c, d) for all c ∈ vC and whenever c ′ ⊆ c then j(c ′ , c)γ(c) = γ(c ′ ). Since there are no non trivial inclusions in L(S), the second condition is redundant. So every cone in L(S) with vertexμ is a mapping γ : vL(S) → L(S) such that for anyλ ∈Λ, γ(λ) :λ →μ is a morphism in L(S). Let γ(λ) = ρ(g) for some g = g(λ) ∈ G. Now for any otherλ 2 ∈Λ, we have γ(λ 2 ) = ρ(h) for some h ∈ G. Since no relation between g and h is required in describing cones in this case; any choice of g(λ) ∈ G for λ ∈ Λ produces a normal cone. Thus a cone with vertexλ can be represented as (γ, λ) whereγ ∈ G Λ . Also since every morphism is an isomorphism, every cone in L(S) will be a normal cone. Now G Λ has the structure of a group as the direct product of G over Λ. And Λ (coming from the Rees matrix semigroup) is a right zero semigroup.
Lemma 13. G Λ × Λ is a semigroup with the binary operation defined as follows. Given
where
Proof. Observe (γ 1 .ḡ k , λ l ) ∈ G Λ ×Λ and so clearly * is a well-defined binary operation on G Λ ×Λ.
being multiplication in the group G Λ and hence associative); we have
Hence * is associative and so (G Λ × Λ, * ) is a semigroup.
Proof. Since a normal cone with vertexλ can be represented as (γ, λ)
And hence T L(S) is isomorphic to G Λ × Λ.
We further observe that the semigroup obtained here can be realised as a semi-direct product of semigroups.
Definition 13. Let S and T be semigroups. A (left) action of T on S is a map ψ : T × S → S, satisfying: (i) (t 1 t 2 , s)ψ = (t 1 , (t 2 , s)ψ)ψ and (ii) (t, s 1 s 2 )ψ = (t, s 1 )ψ(t, s 2 )ψ for all t, t 1 , t 2 ∈ T and s, s 1 , s 2 ∈ S. We denote (t, s)ψ = t * s. Definition 14. Let S and T be semigroups. The semidirect product S ⋉ T of S and T , with respect to a left action ψ of T on S is defined as S × T with multiplication given by
It is well known that S ⋉ T is a semigroup. It is trivially verified that the idempotents in S ⋉ T are the pairs (s, t) such that t ∈ E(T ) and s(t * s) = s. Now we show that the semigroup of normal cones in L(S) is isomorphic to a semi-direct product G Λ ⋉ Λ of G Λ and Λ. Firstly, we look at the semigroups G Λ and Λ. Since G is a group; G Λ will form a group under component-wise multiplication defined as follows.
and hence in particular G Λ is also a semigroup. The set Λ admits a right zero semigroup structure and hence has an in-built multiplication given by λ k λ l = λ l for every λ k , λ l ∈ Λ. Now we define a left action of Λ on G Λ as follows. For
where g k =ḡ(λ k ).
Lemma 15. The function as defined in equation 9 is a left action of Λ on G Λ .
Proof. Clearly the function is well-defined. Now forḡ = (
And hence λ k * (ḡh) = (λ k * ḡ)(λ k * h) forḡ,h ∈ G Λ , and λ k ∈ Λ. Thus equation 9 is a left semigroup action of Λ on G Λ .
Proposition 16. T L(S)
is the semi-direct product G Λ ⋉Λ with respect to the left action above.
Proof. The semi-direct product of G Λ ⋉ Λ with respect to the left action is given as follows. For
..). So if γ 1 = (γ 1 , λ k ) and γ 2 = (γ 2 , λ l ) then the multiplication defined above is exactly the same multiplication defined in equation 8 and hence T L(S) is the semi-direct product G Λ ⋉ Λ with respect to the left action above.
Now we proceed to characterize the principal cones in T L(S).
Proposition 17. The principal cones in T L(S) forms a regular subsemigroup of G Λ ⋉ Λ.
Proof. Given a = (g a , i a , λ a ), the principal cone ρ a (see Proposition 9) will be a normal cone with vertexλ a such that each left idealλ k is right multiplied by (g a , i a , λ a ). But since the morphisms in L(S) involves right multiplication by the product of a sandwich element of the matrix and the group element; at eachλ k ∈ Λ, ρ a (λ k ) = p λ k ia g a (where the sandwich matrix P = (p λi ) λ∈Λ,i∈I ). Hence ρ a can be represented by (p λ 1 ia g a , p λ 2 ia g a , p λ 3 ia g a , ...; λ a ) ∈ G Λ ⋉Λ. Observe thatρ a ∈ G Λ is the right translation of the i a -th column of the sandwich matrix P with group element g a . Now
Hence ρ a .ρ b = ρ ab and consequently the map a → ρ a from S → T L(S) is a homomorphism. So the set of principal cones in L(S) forms a subsemigroup of T L(S). And since S is regular , the semigroup of principal cones forms a regular subsemigroup of G Λ ⋉ Λ.
If S is a regular monoid, then it is known that S is isomorphic to T L(S)(see Proposition 9). In general, if S is not a monoid this may not be true. But always there exists a homomorphism from S → T L(S) mapping a → ρ a which may not be injective or onto. The map is not injective when S is a rectangular band. And the above discussion tells us that if S is a completely simple semigroup, the map is never onto T L(S). But in the case of completely simple semigroups, there exists some special cases where this map is infact injective and consequently S can be realized as a subsemigroup of T L(S).
Theorem 18. S = M [G; I, Λ; P ] is isomorphic to the semigroup of principal cones in T L(S) if and only if for every g ∈ G and i 1 = i 2 ∈ I, there exists λ k ∈ Λ such that p λ k i 1 = p λ k i 2 g.
Proof.
As seen above, there exists a semigroup homomorphism from ψ : S → T L(S) mapping a → ρ a . Now S can be seen as a subsemigroup of T L(S) if and only if ψ is injective. We claim ψ is injective only if for every i 1 = i 2 ∈ I and every g ∈ G, there exists λ k ∈ Λ such that p λ k i 1 = p λ k i 2 g. Suppose not. .ie there exists i 1 = i 2 ∈ I and a g ∈ G such that p λ k i 1 = p λ k i 2 g for every λ k ∈ Λ. Then without loss of generality, assume g = g 2 g −1
And hence ψ is not injective. And hence S is not isomorphic to the semigroup of principal cones in T L(S).
Conversely suppose for every i 1 = i 2 ∈ I and every g ∈ G, there exists λ k ∈ Λ such that p λ k i 1 = p λ k i 2 g, we need to show ψ is injective so that S is isomorphic to the semigroup of principal cones. Suppose if a = (g a , i a , λ a ) and
a and so p λ k ia = p λ k i b g for every λ k ∈ Λ(taking g = g b g −1 a ). But this will contradict our supposition unless i a = i b . But then p λ k ia = p λ k ia g for every λ k ∈ Λ. Now this is possible only if g = e ; which implies g b g −1 a = e .ie g b = g a ; which is again a contradiction. Hence g a = g b . Now if i a = i b ; then we have p λ k ia g a = p λ k i b g b for every λ k ∈ Λ. Then taking g = g b g −1 a ; we have p λ k ia = p λ k i b g for every λ k ∈ Λ ; which is again a contradiction to our supposition. Hence i a = i b . So (g a , i a , λ a ) = (g b , i b , λ b ) and so a = b. Thus ρ a = ρ b implies a = b making ψ injective. So if for every i 1 = i 2 ∈ I and every g ∈ G, there exists λ k ∈ Λ such that p λ k i 1 = p λ k i 2 g, then S is isomorphic to the semigroup of principal cones. Hence the proof.
Now we proceed to characterize the Green's relations in T L(S).
Hence the proof.
Now we proceed to get a characterization of Green's R relation in the semigroup T L(S).
This will also give the characterization for the normal dual N * L(S). For this end, begin by observing that G Λ is a group with component-wise multiplication defined as follows. For  (g 1 , g 2 
Then G may be viewed as a subgroup (not necessarily normal) of G Λ by identifying g → (g, g, ...) ∈ G Λ . Then for someγ = (g 1 , g 2 ...) ∈ G Λ we look at the left cosetγG of G in G Λ with respect toγ. It is defined asγ
Observe that these cosets form a partition of G Λ . Now we show that these left cosets of G in
And since γ ∈ G Λ × Λ is arbitrary, both λ m and g k can be arbitrarily chosen. And hence γ 1 T L(S) = (γ 1 G) × Λ. And this gives us the following characterization of the R relation in T L(S).
And so γ 1 and γ 2 are not R related. Hence the proof.
Remark 21. A very important remark is to be made. Recall from Theorem 2 that for γ 1 , γ 2 ∈ T C and if γ 1 Rγ 2 , then M γ 1 = M γ 2 . The discussion above provides a counter example for the converse. Observe that if we take C = L(S) where S is a completely simple semigroup, then by Remark 12, L(S) is a groupoid. And hence M γ = vL(S) for every γ ∈ T L(S). But by Proposition 20, for
Now we proceed to describe the normal dual N * L(S). 
Proof. By Proposition 20, vR(T L(S))
is the set of all left cosets of G in G Λ and Theorem 2, R(T L(S)) is isomorphic to N * L(S) as normal categories. Hence the normal dual N * L(S) of L(S) is the category whose objects are the left cosets of G in G Λ with morphisms σ h described as follows. Recall that by Theorem 2, to every morphism σ : H(γ 1 ; −) → H(γ 2 ; −) in N * L(S), there is a uniqueσ : c γ 2 → c γ 1 in L(S) such that the component of the natural transformation σ at Se ∈ vL(S) is the map given by σ(Se) : γ 1 * f • → γ 2 * (σf ) • . Hence if γ 1 = (γ 1 , λ k ) and γ 2 = (γ 2 , λ l ), corresponding to the morphism σ :γ 1 G →γ 2 G, there exists a unique morphism ρ(h) :λ l →λ k , such that forγ 1 g ∈γ 1 G and for some ρ(g) :λ k →λ σ(λ) :γ 1 g →γ 2 hg.
We will denote this morphism σ :γ 1 G →γ 2 G by σ h . Also given h ∈ G, we get a morphism σ h :γ 1 G →γ 2 G as σ h :γ 1 g →γ 2 hg. And hence the map ψ :
Hence the result.
Observe that the R relation of γ 1 = (γ 1 , λ k ) ∈ T L(S) depends only onγ 1 and not on λ k and so we will denote the R classes of T L(S) by Rγ such thatγ ∈ G Λ .
Remark 23. By Remark 10, we can use the above discussion to characterize the normal categories R(S) and N * R(S). Any principal right ideal of S will be of the form G × {i} × Λ such that i ∈ I. And so vR(S) = {G × {i} × Λ : i ∈ I}.
Henceforth we will denote the right ideal (a, i, λ)S = G × {i} × Λ byī and the set vR(S) will be denoted byĪ. Any morphism in R(S) from eS =ī 1 to f S =ī 2 is of the form κ(e, u, f ) where u ∈ f Se. As argued for L(S), any morphism fromī 1 toī 2 maps (h, i 1 , λ) → (gh, i 2 , λ) for g ∈ G and the set of morphisms fromī 1 toī 2 is
But since the translation is on the left, the set of morphisms fromī 1 toī 2 is bijective with the group G op and each g ∈ G will map (h, i 1 , λ) → (gh, i 2 , λ). Henceforth we will denote this morphism as κ(g) when there is no ambiguity regarding the domain and range. Proceeding the same way as for L(S), we can show that T R(S) the semigroup of normal cones in R(S) is isomorphic to (G I ⋉ I) op the opposite of semi-direct product of G I and I with respect to the left action defined as follows.
And hence given
, the multiplication is defined as
We also see that the normal dual N * R(S) is isomorphic to G I /G, the right cosets of G in G I and a morphism denoted by τ h : Gδ 1 → Gδ 2 maps gδ 1 → ghδ 2 . And consequently the set of morphisms is bijective with the group G.
Cross-connections of completely simple semigroups
We have characterized the normal categories associated with a completely simple semigroup. Now we proceed to construct completely simple semigroup as the cross-connection semigroup using the appropriate local isomorphisms between the categories. Firstly, recall that any cross-connection Γ from R(S) → N * L(S) is a local isomorphism such that for every c ∈ vL(S), there is some d ∈ vR(S) such that c ∈ M Γ(d) .ie Γ is a local isomorphism fromĪ → G Λ /G such that for everyλ ∈Λ, there is someī ∈Ī such thatλ ∈ M Γ(ī). We define Γ :Ī → G Λ /G such that
for any a i ∈ G Λ .
Proposition 24. The functor Γ defined in equation 11 is a local isomorphism.
Proof. Firstly ifī 1 =ī 2 , then i 1 = i 2 and hence vΓ is well-defined. Also if κ(g 1 ) = κ(g 2 ); then g 1 = g 2 and hence Γ is well-defined on morphisms as well. Also
Hence Γ is a well-defined covariant functor.
Since there are no non trivial inclusions in either categories, Γ is trivially inclusion preserving.
Since the set of morphisms between any two objects is bijective with G op in both cases, Γ is fully-faithful. Further since there are no non trivial inclusions, the ideal ī isī and so Γ on ī is an isomorphism. Hence Γ is a local isomorphism.
Corollary 25. Γ as defined in equation 11 is a cross-connection.
Proof. By Proposition 24, Γ is a local isomorphism. SinceΛ is a groupoid, M Γ(ī) =Λ for everȳ i ∈Ī. And so for everyλ ∈Λ, there is aī ∈Ī (infact for everyī ∈Ī) such thatλ ∈ M Γ(ī). Hence Γ is a cross-connection.
Theorem 26. Each cross-connection Γ in a completely simple semigroup determines a Λ × I matrix A with entries from the group G such that Γ(ī) = A i where A i is the i−th column of A.
Proof. Given a cross-connection Γ :Ī → G Λ /G such that vΓ :ī → a i G where a i ∈ G Λ , let A be an Λ × I matrix whose columns are a i for i ∈ I. Since a i ∈ G Λ , we have a i (λ) = a λi ∈ G. Then A is a Λ × I matrix with entries in G.
Proposition 27. Similarly a dual cross-connection ∆ :Λ → G I /G can be defined as follows.
for any b λ ∈ G I . And this gives rise to a Λ × I matrix B.
Proof. As in the proof of propositions 24, ∆ is a fully-faithful, inclusion preserving covariant functor. And since there are no non trivial inclusions, λ =λ and hence ∆ λ is an isomorphism. Also since M Γ(λ) =Ī for everyλ ∈Λ, ∆ is a cross-connection. Further defining the λ-th row B λ of the matrix B as B λ = b λ , B will be an Λ × I matrix with entries from the group G.
We have seen that cross-connections in a completely simple semigroup correspond to matrices. Now we proceed to show that given a matrix P we can define a cross-connection and its dual. We construct the cross-connection semigroup of this connection and show that it is isomorphic to the completely simple semigroup M [G; I, Λ; P ]. For that end, we need the following results.
Proposition 28. Given a Λ×I matrix P with entries from the group G, we define Γ :
where p i is the i-th column of the matrix P . This gives a cross-connection such that the functor defined by ∆ :Λ → G I /G as follows is the dual connection.
wherep λ is the λ-th row of P .
Proof. The proof follows from the proof of Proposition 24, Corollary 25 and Proposition 27.
Given a cross-connection and a dual, there are bi-functors associated with each of them. The following lemma characterizes the bi-functors associated with the above cross-connections Γ and ∆.
Lemma 29. The bi-functors Γ(−, −) and ∆(−, −) associated with the above cross-connection are defined as follows.
and for ρ(g 2 ) :
Proof. Recall from Remark 4 that given a cross-connection Γ : D → N * C, we have a unique bifunctor Γ(−, −) :
And so for γ = (
. So given the dual cross-connection ∆ :Λ → G I /G as defined in equation 12, ∆(λ,ī) = ∆(λ)(ī) = (Gp λ , i).
And given (ρ(g 2 ), κ(g 1 )) :
And so for δ = (gp
∀a ∈ Γ(λ 1 ,ī 1 ) and so χ Γ is a natural isomorphism. And χ Γ is the duality associated with S.
For a cross-connection Γ, we consider the pairs of linked cones (γ, δ) ∈ U Γ × U ∆ inorder to construct the cross-connection semigroup. The following lemma gives the characterization of the linked cones in terms of the cross-connection.
Proposition 32. γ = (γ, λ) ∈ U Γ is linked to δ = (δ, i) ∈ U ∆ if and only ifγ ∈ Γ(ī),δ ∈ ∆(λ) and (p i −1γ ) 1 = (δp λ −1 ) 1 where p i is the i-th column andp λ is the λ-th row of P .
Proof. Firstly observe that
), we have g 1 p λ1 = gp λ1 , and hence g 1 = g. Thus δ = (gp λ , i) = χ Γ (λ,ī)(γ) and γ is linked to δ. Now we proceed to give an alternate description of the linked cones in terms of the components which will lead us to the representation of the completely simple semigroup as a crossconnection semigroup.
Lemma 33. γ = (p i 1 g 1 , λ 1 ) ∈ U Γ is linked to δ = (g 2p λ 2 , i 2 ) ∈ U ∆ if and only if i 1 = i 2 , λ 1 = λ 2 and g 1 = g 2 . Hence a linked cone pair will be of the form ((γ, λ), (δ, i)) for i ∈ I, λ ∈ Λ and γ = p i g andδ = gp λ for some g ∈ G.
Proof. As above, γ ∈ U Γ is linked to δ ∈ U ∆ if there is a (λ,ī) ∈Λ ×Ī such that γ ∈ Γ(λ,ī) and δ = χ Γ (λ,ī)(γ). Also recall that γ ∈ U Γ is linked to δ ∈ U ∆ with respect to Γ if and only if δ is linked to γ with respect to ∆ .ie there is a (λ,ī) ∈Λ ×Ī such that δ ∈ ∆(λ,ī) and
And since δ will be linked to γ, we also have (
Comparing the equations, we have i 1 = i 2 , λ 1 = λ 2 and p λ k i 1 g 1 = p λ k i 2 g 2 for every k ∈ Λ. Since i 1 = i 2 and in particular for k = 1, we have p λ 1 i 1 g 1 = p λ 1 i 1 g 2 . So g 1 = g 2 and hence the proof. The second statement is now straight forward.
Earlier we showed that a cross-connection determines a matrix. Now we are in a position to show that given a matrix P , we can define a cross-connection and use it to construct a cross-connection semigroup which will be isomorphic to the completely simple semigroup M [G; I, Λ; P ].
Theorem 34. Given a Λ × I matrix P with entries from the group G, we can define a crossconnection Γ. And the cross-connection semigroupSΓ is isomorphic to the completely simple semigroup S = M [G; I, Λ; P ].
Proof. Given a Λ × I matrix P with entries from the group G, define Γ as defined in equations 13 and 14. By Proposition 28, it is a cross-connection. Now recall that the cross-connection semigroupSΓ of linked cone pairs is given bỹ SΓ = { (γ, δ) ∈ U Γ × U ∆ : (γ, δ) is linked } with the binary operation defined by
for all (γ, δ), (γ ′ , δ ′ ) ∈SΓ. Firstly from Lemma 33; a linked cone pair will be of the form ((p i g, λ), (gp λ , i)) for g ∈ G, i ∈ I, λ ∈ Λ. Thus SΓ = {((p i g, λ), (gp λ , i)) : g ∈ G, i ∈ I, λ ∈ Λ}
with the binary operation • as follows.
((p i 1 g 1 , λ 1 ), (g 1p λ 1 , i 1 )) • ((p i 2 g 2 , λ 2 ), (g 2p λ 2 , i 2 )) =
Observe here that the multiplication in the second component is taken in the opposite order .ie in U ∆ op . Now we will show thatSΓ is isomorphic to the completely simple semigroup S = M [G; I, Λ; P ]. For that define a map ϕ : S →SΓ as follows.
(g, i, λ)ϕ = ((p i g, λ), (gp λ , i))
Clearly ϕ is well-defined and is onto. The fact that ϕ is a homomorphism follows from the proof of Proposition 17 and its dual; by observing that ((p i g, λ), (gp λ , i)) = (ρ (g,i,λ) , λ (g,i,λ) ). Now to see that it is injective, suppose if (g 1 , i 1 , λ 1 )ϕ = (g 2 , i 2 , λ 2 )ϕ. Then ((p i 1 g 1 , λ 1 ), (g 1p λ 1 , i 1 )) = ((p i 2 g 2 , λ 2 ), (g 2p λ 2 , i 2 )). Comparing the vertices, we see that i 1 = i 2 and λ 1 = λ 2 . We also have p i 1 g 1 = p i 2 g 2 .ie p λ k i 1 g 1 = p λ k i 2 g 2 for every k, and in particular for k = 1 .ie p λ 1 i 1 g 1 = p λ 1 i 2 g 2 . And since i 1 = i 2 , we have p λ 1 i 1 g 1 = p λ 1 i 1 g 2 =⇒ g 1 = g 2 . Thus (g 1 , i 1 , λ 1 ) = (g 2 , i 2 , λ 2 ) and hence ϕ is injective. ThusSΓ is isomorphic to the completely simple semigroup S = M [G; I, Λ; P ].
Thus the semigroupSΓ as defined in equation 19 is a representation of the completely simple semigroup S, wherein each element (g, i, λ) of the semigroup is represented as a pair of normal cones ((p i g, λ), (gp λ , i)) and multiplication is a semi-direct product multiplication on each component (see equation 20). We conclude by giving a special case of the result using which one can construct a rectangular band of groups.
Corollary 35. We can define a cross-connection Γ :Ī → G Λ /G such that
with the dual connection defined by ∆ :Λ → G I /G v∆ :λ → G ∆ : ρ(g) → τ g .
Then U Γ = {(ḡ, λ) : g ∈ G, λ ∈ Λ} and U ∆ = {(ḡ, i) : g ∈ G, i ∈ I}. 
And consequently γ = (ḡ 1 , λ) ∈ U Γ is linked to δ = (ḡ 2 , i) ∈ U ∆ ⇐⇒ g 1 = g 2 . FurtherSΓ for this cross-connection is given bỹ SΓ = {((ḡ, λ), (ḡ, i)) : g ∈ G, i ∈ I, λ ∈ Λ} (25) with the binary operation • ((ḡ 1 , λ 1 ), (ḡ 1 , i 1 )) • ((ḡ 2 , λ 2 ), (ḡ 2 , i 2 )) = ((g 1 g 2 , λ 2 ), (g 1 g 2 , i 1 )).
ThenSΓ is isomorphic to the rectangular band of groups S = G × I × Λ.
Proof. The corollary follows directly from the earlier results on completely simple semigroup M [G; I, Λ; P ] by taking the sandwich matrix P as p λi = e for all λ ∈ Λ and i ∈ I where e is the identity element of the group G.
